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Abstract. We construct Koppelman formulas on Grassmannians for 
forms with values in any holomorphic line bundle as well as in the tau- 
tological vector bundle and its dual. As a consequence we obtain some 
vanishing theorems of the Bott-Borel-Weil type. We also relate the pro- 
jection part of our formulas to the Bergman kernels associated to the 
line bundles. 



1. Introduction 

The Cauchy integral formula in one complex variable is of vast importance 
in many respects. It provides a way of representing a holomorphic function as 
a superposition of simple rational functions, and gives an explicit solution to 
the equation du = f. Furthermore, it is an important tool in function theory. 
For our purposes it is convenient to note that Cauchy's formula is equivalent 
to the current equation du = [z], where u = {2-Ki)~ l dC, / {(, — z) is the Cauchy 
form, and [z] is the Dirac measure at z considered as a (1, l)-current. This 
point of view is well adapted for generating weighted Cauchy formulas. For 
instance, by computing <9(((1 — |£| 2 )/(1 — zC)) a u) in the current sense, one 
obtains (for suitable a) the weighted representation formula 

a r a - ici 2 )" -1 
/ *) = - / f(c r n ' ki+i ^ O, 

ff •%!<!} (l-z() a+1 
for holomorphic functions on the unit disc with certain limited growth at 
the boundary. The integral kernel is the reproducing kernel for a weighted 
Bergman space; and this shows that there is a connection between Cauchy 
kernels and Bergman kernels. Both these kernels are also intimately linked 
with the symmetry of the disc. Recall that the group 

SU(1, l) = {{% - )e M 22 (C)| H 2 - \b\ 2 = l 



b a 

acts holomorphically and transitively on the unit disc by z i— > (az + b)/(bz + 
a). The stabilizer of the origin is the subgroup 
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and hence the disc can be viewed as the homogeneous space SU(1,1)/S 1 . 
The kernels are then invariant under certain actions on functions which are 
induced from the natural action on the closed disc. Prom the point of view 
of representation theory, the Bergman kernels are interesting since the corre- 
sponding weighted Bergman spaces form a family of unitary representation 
spaces for SU(1, 1), and moreover, these kernels can be described entirely in 
terms of the Lie-theoretic structure of the group. This discussion indicates 
two possible directions of generalizations; namely to domains in C n , and to 
complex homogeneous spaces. In the latter case, the class of bounded sym- 
metric domains have been studied extensively from the Lie-theoretic point of 
view. Hua, [10], computed the Cauchy kernels and Bergman kernels for the 
classical domains using the explicit description of their symmetry groups. 
Later, more abstract group theoretic machinery has been used to describe 
both Bergman kernels (cf. [15]) and the generalized Cauchy-Szeg kernels, 
[11] . For compact Hermitian symmetric spaces, Bergman kernels for line 
bundles can be described explicitly in terms of the polynomial models for 
the spaces of global holomorphic sections, [21J. 

Complex analysts have mainly been concerned with domains in C n . The 
Bochner-Martinelli kernel represents holomorphic functions in any domain 
but has the drawback of not being holomorphic, a property which is highly 
useful in applications. The Cauchy-Fantappi-Leray kernel is holomorphic 
in domains where we can find a holomorphic support function, for example 
strictly pseudoconvex domains. More flexibility is afforded by using weighted 
formulas, which was first done in |6j, and such formulas have been widely 
used in applications such as interpolation, division, obtaining estimates for 
solutions to the 9-equation, etc. See, e.g., [l] and [3] and the references 
therein. Some work has also been done on generalizing integral formulas to 
complex manifolds, see, e.g., [U], [5], [4J. Of these, the paper [3] by Berndtsson 
will be of particular importance for us; see below. 

More recently, in [T] was introduced a general method for generating 
weighted formulas for domains in C n , both for holomorphic functions and 
(p, g)-forms. For future reference, we will describe this method in the former 
case in some detail. First, recall that the Cauchy kernel, u, in one variable 
satisfies du = [z], but less obviously, we also have 5^ z u = 1, where 5^ z 
denotes contraction with the vector field 2-iri(( — z)d/dC t . These equations 
can be combined into the single equation 



(1) V f _ z t* = l-[z], 
where V^_ 2 is the operator 

To generalize this to C n , we define as contraction with 

(2) 2^£(G-*i)^. 

and if we construe equation ([T]) as being in C n , the right hand side of now 
contains one form of bidegree (0, 0) and one of bidegree (n, n), so we must in 
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fact have u = ui t o + 1*2,1 + ■ • • + Un,n~i, where Uk^k-i has bidegree (k, k — 1). 
We can then write the V^_ 2 -equation JT]) as the system of equations 

St-zUi,o = 1, ^_ z ui )2 - Bu lfi = 0, du n>n -i = [z\. 

In that case, n n , n _i will satisfy du ntn -i = [z] and will give a kernel for a 
representation formula. One advantage of this approach, as opposed to just 
solving dun^i = [z], is that it easily allows for weighted integral formulas. 
We define g = <?o,o + • • • + g n ,n to be a weight if Vg = and #o,o (z, z) = 1. 
It is easy to see that V(u A g) = g — [A], and this yields a representation 
formula 

0(z) = / 0(C)(wA$) n + / 05n 

if G O(D) and z £ D. Note that if 51 and 52 are weights, then A 52 is 
also a weight. 

In the case of compact manifolds one is naturally led to consider holo- 
morphic line bundles and representation formulas for holomorphic sections 
as well as smooth bundle-valued forms. In this setting the integral kernels 
must be operator valued, and the integrals become superpositions of con- 
tributions from all fibres. Our method for achieving this has two crucial 
components; the above mentioned V-formalism, and Berndtsson's method 
from [I], Indeed, Berndtsson gave a method for obtaining integral formulas 
for (p, c/)-forms on ra-dimensional manifolds X which admit a vector bundle 
of rank n over X x X such that the diagonal has a defining section r\\ and to 
get formulas for forms with values in bundles the V-method is well suited. 
In fact, by generalizing it to manifolds one realizes that it allows for operator 
valued weights. We then need something to substitute for the vector field 
([2]), and this is where Berndtsson's assumption comes in: we will use the 
section r\ to contract with, and define := 5 V — 5. It is of independent 
interest to note that in fact is a superconnection in the sense of Quillen, 
|14j . In the recent article [8] by the first author, this general theory for 
integral formulas on manifolds has been developed to a large degree, and 
explicit formulas have been constructed on CP ra yielding explicit proofs of 
vanishing theorems for its line bundles. Such proofs could be of interest also 
for representation theoretic purposes. Indeed, in view of the by now firmly 
established goal, initiated by the Bott-Borel-Weil theorem and further for- 
tified by the conjecture of Langlands, [12], and Schmid's proof of it, [16], 
of wanting to realize representations of Lie groups in Dolbeault cohomology 
(or, rather L 2 -cohomology in the non-compact case), (cf. also [12] and |20J), 
it is our hope that explicit integral formulas could give further insight into 
the underlying group theory. 

In this paper, we extend the method in [8] to the vector bundle setting 
and we apply the technique to complex Grassmannians, Gr(k,N). We find 
a suitable vector bundle, with a section r\ as above, and natural weights 
for the line bundles and for the tautological fc-plane bundle. We thus get 
Koppelman formulas for (p, g)-forms with values in any holomorphic line 
bundle as well as in the tautological bundle and its dual. The construction is 
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uniform in the sense that it uses the explicit description of the Picard group 
of holomorphic line bundles and reduces the problem to that of finding a 
weight for the generator. The generator in turn, is the determinant of the 
tautological bundle; by certain algebraic properties of weights, it thus suffices 
to construct a weight for the tautological bundle. As an application, we give 
explicit proofs of certain vanishing theorems of Bott-Borel-Weil type □ for 
the cohomology groups associated with these line bundles. We also relate 
the projection part of our Koppelman formulas to Bergman kernels; thus 
giving a geometric interpretation of the latter ones. 

This paper is organized as follows: In Section [2] we recapture the general 
method for finding weighted Koppelman formulas on manifolds from [8]. 
The only difference is that we allow for forms with values in vector bundles 
and state a slightly more general Koppelman formula. The proofs have 
been omitted since they are straightforward generalizations of the proofs 
in [8]. Section [3] describes some general operations on weights. In Section 
H] we construct the ingredients necessary to generate weighted formulas on 
Grassmannians according to the general framework. In Section [5] we review 
the representation theoretic description of the Picard group and we prove 
a certain invariance property for the weights, which will be useful for the 
applications. We also prove that the bundle E restricted to the diagonal 
is equivalent to the holomorphic cotangent bundle over Gr(k,N). In the 
last section, Section [6J we discuss some applications; we obtain vanishing 
theorems for the line bundles over Grassmann, and we give a geometric 
interpretation of the Bergman kernels associated to the line bundles. 

Acknowledgement: We are grateful to Mats Andersson and Genkai 
Zhang for rewarding discussions and for valuable comments on preliminary 
versions of this paper. We would also like to thank Harald Upmeier for 
interesting discussions on the topic of this paper. 

2. A GENERAL METHOD FOR FINDING WEIGHTED KOPPELMAN 
FORMULAS ON MANIFOLDS 

Let A be a complex manifold of dimension n. We want to find Koppelman 
formulas for differential forms on X with values in a given vector bundle 
H — > X. The method described in this section is taken from [8j, except 
for the generalization which yields formulas for a general vector bundle H 
instead of for a line bundle. 

We begin by noting that Stokes' theorem holds also for sections of vector 
bundles, which is easily proved. Let M be any complex manifold, and G — > 
M a holomorphic Hermitian vector bundle over M. Let Dq* and Dq be 
the Chern connections for G* and G respectively. If u is a differential form 
taking values in G* and (ft is a test form with values in G, we have 



These are not given in the form including the p-shift which is common in representation 
theory. 



(3) 
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where A denotes taking the natural pairing between the factors in G* and 
G, and taking the wedge product between the factors which are differential 
forms. If u is instead a current, we can take J3]) as a definition. In the same 
way, we also have 

(4) I duA(J)= (_l)deg«+l f uA B(P. 

Jm Jm 

Let A be the diagonal in X z x X^. Let H z denote n*(H), where ir z is the 
projection from X z x X^ to X z , and analogously for H^. Let #0,0 be a section 
of H z £g> Hi = B.om(H^, H z ) such that go,o(z, z) = Id for all z. If [A] denotes 
the current of integration over the diagonal and w(£, z) is a differential form 
with values in H* <8> , then we let 

[AJao.oH := [A].((so, ®Id)w) J 
where Id acts on the differential forms in u, and we take the natural pairing 
(H* <g> H^) x (H z (8 H£) — > C. Note that this does not depend on which go,o 
we choose, since the values on the diagonal are the only ones that matter. 
The reason for the subscript on go,o will become apparent later on. 

Proposition 1 (Koppelman's formula). Assume that D C X^, <f) £ £ P ^(D, H^), 
and that the current K(z, f) and the smooth form P(z, £) take values in 
H z (X) H£ = Hom(H^, H z ) and solve the equation 

(5) BK = [A) gofi - P. 
We then have 

(6) <p(z) = [ K A<f)+ [ K A B(f> + B z f K A<f)+ [ P A(p, 

JdD JD JD JD 

where the integrals are taken over the C variable. 

The proof of this uses but is otherwise just like the usual proof of the 
Koppelman formula. Note that if in © is a 5-closed form and the first 
and fourth terms of the right hand side of Koppelman's formula vanish, we 
get a solution to the 9-problem for <fi. 

Our purpose now is to find K and P that satisfy © in a special type of 
manifold. To begin with, we will let H be the trivial line bundle. Assume 
that we can find a holomorphic vector bundle E — ► X z x Xq of rank n, 
such that there exists a holomorphic section 77 of E that defines the diagonal 
A. In other words, 77 must vanish to the first order on A and be non-zero 
elsewhere. Let {e{\ be a local frame for E, and {e*} the dual local frame 
for E* . Contraction with 77 is an operation on E* which we denote by 5 V ; if 

We define the operator 

Vjy = 5 V — d. 

Choose a Hermitian metric h for E, let De he the Chern connection on 
E, and De* the induced connection on E* . Consider the bundle 
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G E = A[T*(X x X) e E e E*\ -» X x X 

and r(X x X,Ge), the space of C°° sections of Ge (note the change of 
notation compared to [Ej). If -4 lies mr(IxI,r(IxI)«fi8E*)), 
then we define A as the corresponding element in T(X x X,Ge), arranged 
with the differential form first, then the section of E and finally the section 
of E*. For example, if A = dz\ ® e\ <g> e\, then A = dz\ A ei A e|. 

To define a derivation D on T(X x X, we first let Df = De$ for a 

section / of E, and -Dg = De*9 for a section g of E*. We then extend the 
definition by 

D(£i A £2) = Dfr A 6 + (-l) dcgCl 6 A L>£ 2 , 

where .D^ = d£i if & happens to be a differential form, and deg£i is the 
total degree of £1. For example, deg(a A e\ A e*) = deg a + 2, where deg a is 
the degree of a as a differential form. We let 

C m = Tpf x X, A P E* A A p+m TQ 1 (X x X)); 
p 

note that £ m is a subspace of F(X x X,Ge)- The operator will act in a 
natural way as V„ : C m -» £ m+1 . If / G £ m and <? G then / A 5 G £ m+fc . 
We also see that obeys Leibniz' rule, and that V 2 = 0. 

Definition 2. For a form f(z, () on I x X, we define 

/ /(z, C) A ei A A . . . A e n A e* = f(z, (). 
Je 

Note that if I is the identity on E, then I = e A e* =ei AeJ + ... + e„Ae*. 
It follows that I n = e% A A . . . A e n A e* (with the notation a n = a n /n!), so 
the definition above is independent of the choice of frame. Our derivation D 
and f E interact in the following way: 

Proposition 3. If F G T{X x X,G E ) then 

d I F = I DF. 

Je Je 

We will now construct integral formulas on X x X. As a first step, we find 
a section a of E* such that S v a = 1 outside A. For reasons that will become 
apparent, we choose a to have minimal pointwise norm with respect to the 
metric h, which means that a = Ylij hijVj e i /\v\ 2 ■ Close to A, it is obvious 
that I (J I < 1/ [ 77 1 , and a calculation shows that we also have \da\ < 1/|^| 2 . 
Next, we construct a section u with the property that V v u = 1 — R where 
R is a current with support on A. We set 



(7) 



00 

= J>A(^) fc , 

fe=0 
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and note that u € £ . By u^^k-i we will mean the term in u of degree k 
in E* and degree k — 1 in Tq ±(X x X). It is easily checked that V ri u = 1 
outside A. 

The following theorem yields a Koppelman formula by Theorem [TJ with 
the trivial line bundle as H: 

Theorem 4. Let E — > X x X be a vector bundle with a section r] which 
defines the diagonal A of X x X. We have 

dK = [A] - P, 

where 

(8) K= [ uA | ] and P 

and tt is defined by ([7]) . 

Note that since Drj contains no e*'s, we have 

i.e., the nth Chern class of £\ The factor 

Drj iG 
2tH + 2vr 

is actually the supercurvature associated with the operator if we view 
as a superconnection in the sense of Quillen, [14J. In fact, we have the 
following Bianchi identity: 



' Dr] iO 
E \ 2ttz 2ir 



Cn(E), 



for a direct proof see, e.g., [8]. 

The idea behind the proof of Theorem H] is that by ([9]) and Proposition [3] 
we have 







u A 



Dr] iG 
2vri 2tt 



V, 



u A 



Dr] iG 
2tH 2vr 



(10) 



' Dr] i&\ 1 
E \ 2tH + 2vr I + (2vn) n 



-R A (Df]) n . 



The left hand term in ([TO]) is P. The rest of the proof consists of proving 
that 
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(11) ^/ B i*A(^)„ = [A], 



which is proved by choosing local coordinates on X, and reducing the prob- 
lem to the C n -case. For details of the proof, see, e.g., [5]. 

As explained in the introduction, we will obtain more flexible formulas if 
we use weights. 

Definition 5. A section g with values in Cq is a weight if V v g = and 
9o,o(z,z) = 1- 

Theorem |4] goes through with essentially the same proof if we take 



9 A + ^ 

E \ 2iri Z7r 



as shown by the following calculation: 

which follows from the proof of Theorem [4] and the properties of weights. 

Finally, we will use weights taking values in Hom(H^, H z ) to construct 
Koppelman formulas for differential forms with values in the vector bundle 
H->X. We define 



G e ,h = ttom(H c ,H z )®A[T*(X x X) E © E*\ -> X x X 

and 

(14) := r(X x X, Hom(# c , H z ) ® [A P E* A A p+m T^(X x X)]). 

p 

We define 5 V on r(X x X, Ge,h) as Id (8) 8 n , where Id acts on the factors in 
Hom(iT c , As) and 5 V on the factors in A[T*(X xX)®E®E*]. We also need 
to extend the derivation D to F(X x X, Ge,h)- If &i is a differential form 
taking values in Hom(H^, H z ) } and a 2 € T(X x X, G_e), then we define 

D(ai A o 2 ) = D Uom{HoHz)ai A a 2 + (-l) dcgai ai A Da 2 , 

where I^Hom(H f ,.ff*) is the Chern connection on Kom(H^, H z ). It is obvious 
that Leibniz' rule holds for both 8 V and the extended D, with the degree 
taken as the total degree in E, E* and T*(X x X). 

If F G £° H , then in analogy with Proposition [3] we have 

D Hom(H ( ,H z ) f E F = f DF - 
It follows that we also have 8 f E F = f E dF. 
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Let g € C° H be such that V n g = and gofl(z, z) = Id. In that case we can 
use g as a weight just as in (TT21) and get 

(15) BK g = [A] 90;0 - P g 

by a calculation similar to (I13p . and then we get a Koppelman formula by 
Theorem [TJ 

Remark 6. To obtain more general formulas, one can find forms K and P 
such that 

(16) D Uom{HoHz) K g = [A) go o - Pg 

by setting V^ u11 = 5 V — D and checking that the corresponding equation (|9j) 
and Theorem H] are still valid. See for example [8] for details. This will 
give the same formulas as in (3J, if H is the trivial line bundle. We can 
use weights just as before, if we require that a weight g has the property 
V^ n g = instead of V v g = 0. 

3. Algebraic properties of weights 

In this section we investigate some general constructions of weights with 
the purpose of generating weights for a wide class of derived bundles from 
two given vector bundles and weights for these. This method will be useful 
later when we focus on line bundles over Grassmannians. 

To be more precise, we let H and H' be holomorphic vector bundles over 
the complex manifold X and assume that X fulfills the requirements of our 
general setup for constructing Koppelman formulas, i.e., X x X admits a 
holomorphic vector bundle E with a holomorphic section defining the di- 
agonal. Assume also that g £ T(X x X,Ge,h) and g' € T(X x X,Ge,h') 
are weights for H and H' respectively. We shall see that one can naturally 
define weights g®g' and g A g' (when H = H') : as well as g* for the bundles 
H ® H' ,H AH and H* respectively. This generalizes the fact, mentioned in 
the introduction, that the product of weights for the trivial bundle is again 
a weight. 

3.1. Tensor products and exterior products of weights. For operators 
A«E H z <& H£ and B G H z ® (#[)* the tensor product A ® B defined by 

(17) A <g> B(u <g> v) := A(u) ® B(v),u <E H^, v G H' c 

is a linear operator in Hom(^ <g> H'^,H Z H' z ). We can therefore extend 
the exterior multiplication on the vector space Gg to a linear map (which 
we still denote by ®) 

® : (Ge,h)( z ,o ® (Ge,h>)( z ,() — > (Ge,H(x>h>)(z,() 

given by 



(A <g> uj) ® (B ® J) H(A®B)igi(wA a/), 
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for w,w' € (Ge)( z ,C)- This operation defines a natural fiberwise multiplica- 
tion on sections. 

Lemma 7. The operator V v acts as a graded derivation with respect to the 
multiplication, ®, of sections, i.e., 

V, n ({A®uj)®(B ®J)) = V n (A®oj)®{B®J) 

+(-l) de ff w (A ® to) ® V„(S (8) w'), 

where A and B are local smooth sections of H z ® i?^ anc? ii^ (8) (H'^)* respec- 
tively, and uj and to' are local smooth sections of Ge- 

Proof. We first observe that 

V v (A®uj) = -BA®uj + A®V v lo, 
and likewise for B ®lo'. Hence, 

V,((4®B)^(wAw')) 

= ® B) ® (w A w') + (i ® 5) ® V,(w A w') 

= -BA® (B® (w Aw')) + (A®B) ® (V^w Aw') - 

i®(55®uAw') + (-1)** "(A ® B) ® (w A V„ w') 
= (-dA®to + A® V v uj) ® (B ®uj') + 

(A® to)® {-dB ® J + (-l)**"^ (g> V„ J) 
= V V (A ®to)®(B® J) + (-l) de9UJ (A ®lo)® V V (B ® J). 

□ 

Corollary 8. Given weights g and g' for H and H' respectively, the section 

g®g' € F(X x X, G e ,h®h>) 

is a weight for H ® H' . 

We next turn to exterior products of a vector bundle. Recall that when A 
and A' are operators in Hom(H^, H z ), AAA' is the operator in Hom(A 2 i?^, A 2 H Z ) 
given by 

A A A'{u A u') = A{u) A A'{v!) - A(u') A A'(u). 
We can then form the exterior product 

A: (G e ,h)(z,o ® ( g e,h)( z ,o -> (Ge,hah)( z ,o 

given by 

(A ® w) ® (A' ® J) h(Aa A') ® (w A w'). 

It induces a natural exterior product on sections of Ge,h- Using the Leibniz 
identity 
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B(A A A') = dA AA' + AA dA', 
the following lemma can be proved in the same manner as Lemma [7J 

Lemma 9. The operator V v acts as a graded derivation with respect to the 
exterior multiplication of sections, i.e., 

V v ((A®u) A(A' = V V (A ®u) A (A' <g> J) + 

{-l) de9UJ {A®u)AV v {A'®u'), 

where A and A' are local smooth sections of H z (& H£, and u and uj' are local 
smooth sections ofGE- 

In analogy with Corollary [HI we have 

Corollary 10. Given weights g\ and g2 for H , the section 

giAg 2 £ T(X x X,G e ,hah) 

is a weight for HAH. 

3.2. Dual weights. For a local section A® uj of the bundle Ge,h, we define 
the adjoint section 

(A<S)u)* := A* ®u, 

where A* (z, C) : H* — > H£ is the standard dual operator to A(z, () given by 
composing functionals with A(z,Q. The relations 

X7 v (A*®uj) = -8 A* ®uj + A* ®V v uj 

= -{dA)* ®uj + (A®V v w)* 
= (V v (A®u))* 

prove the following lemma. 

Lemma 11. Given a weight g for the bundle H , the section g* is a weight 
for the dual bundle H* . 

4. The necessary constructions on Grassmannians 

In this section we construct the ingredients necessary to generate weighted 
integral formulas on Grassmannians according to the recipe in Section El We 
start by reviewing some elementary facts and introducing some notation. 
Hereafter, X will denote the Grassmannian Gr(k, N) of complex fe-planes 
in C^. Just as CP n , (= Gr(l,n + 1)), has its tautological line bundle, X 
has a tautological rank fc-vector bundle, which will be denoted by H — > X 
from now on. We consider H as a subbundle of the trivial rank A^-bundle, 
— > X, and the fiber of H above p E X is the fe-plane in corresponding 
to the point p. We will take the standard metric on and this gives us 
a Hermitian metric on H C C^. From H we get a natural Hermitian line 
bundle L = detH, which actually generates the Picard group; see Subsection 
15.41 We also get the quotient bundle, F := C /H, which is a holomorphic 
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vector bundle of rank N — k. As a C°°-bundle, it is isomorphic to the bundle 
of orthogonal complements H 1 - C via the mapping tp: F — > H defined 
fiberwise by tp(v + H z ) = v — tth z v, where tth z is the orthogonal projection 
from onto H z . (If w is a C^-valued form we will, for simplicity, also 
write ~kh z w for (~kh z ® \d)w.) The mapping tp and the metric on H C 
gives us a metric on F . 

Let e = (ei,...,ejv) be the standard basis for C^. The point on X 
corresponding to the /c-plane Spanjei, . . . , e^} will be the reference point 
and denoted by po. A local holomorphic chart centered at po can be defined 
as follows: Let z be a point in C n := £, k ( N ~ k ) and organize z as an (N—k)xk- 
matrix, i.e., 

1 zn ■■■ zik \ 
z= : : G C n . 

\ z N~k,l ■ ■ ■ z N-k,k J 

Associate to z the point on X corresponding to the fc-plane spanned by the 
columns of the x fc-matrix 



with respect to the basis e. This actually gives us an injective map from C n 
onto a dense subset U C X. We also get natural local holomorphic frames 
for the bundles H, L, and F over this chart. For j = 1, . . . , k, let t)j(z) be the 
jth column of (fTH]), i.e., t)j(z) = ej + Yli=i z ij e k+i- Then f)i, . . . , i) k are k 
pointwise linearly independent holomorphic sections of H over U. A natural 
holomorphic frame for L is thus I = t)i A • • • A ffj.. Also, for 1 < j < N — k, 
let fj{z) be the equivalence class defined by e^+j in F = C N /H, in the fiber 
over z. Then (fi, . . . , *\N-k) is a local holomorphic frame for F over U . The 
projection — ► F, expressed in the e-basis for and the frame f for F, 
can then be written as the (N — k) x A-matrix 



(19) ( ~Z I), I = I(N-k)x(N-k)- 

For reference we note some more explicit expressions: As a mapping C 
expressed in the e-basis we have 



N 



(iyi+z*zr i [i z*) 



and as a mapping Cg — > H^, 

ir H = (I + z*z)- 1 ( I z* ) 
The mapping tp : Fj — > looks like 

_ / -(I+z*z)- l z* 
(p ~ \ I - Z {I + z*z)- 1 z* 
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We have defined the metric, (-,-)f, on F via <p so the Hermitian metric- 
matrix, hp, expressed in the frame f satisfies (hp)ij = (</?(fi), p(fj))c N > 
(with the convention that (v,w) F = v t h F w). Using the explicit expression 
for (p, a computation then gives 

h F (z) = (I + zz*)-\ 
and so the Chern curvature-matrix of F is 

Q F = BQi^dhp) = dd log(/ + zz*), 

where the last expression should be interpreted in the functional calculus 
sense. For the bundle H we get 

h t H =I + z*z, and ® H = dd\og{I + z*zy l , 
expressed in the frame fj. 

4.1. The bundle E and the section 77. We will construct a holomorphic 
vector bundle E — > X z x of rank n (= k(N — k)) and a global holomorphic 
section 77 of it defining the diagonal. As in Section^ we let H z and denote 
the pull-back of the tautological bundle under the projections X z x X{ — > X z 
and X z x X^ — > X^ respectively and we define F z similarly. However, for 
convenience we will occasionally abuse this notation and also write, e.g., 
H z for the fiber of the bundle H z — » X z x X^ above a point (z, £), This 
ambiguity is (partly) justified since one can identify fibers of H z — > X z x X^ 
above points (z,() for any £. This means also that, e.g, {f)j(z)} is a local 
holomorphic frame for H z — > X z x A^- over C/ z x X^. 

The bundle E is simply E = F z ® H£ and then := fi(z) <S> hj(0, 
1 < i < N — k, 1 < j < k, is a holomorphic frame for E 1 over U xU C X x X. 
To define 77 we start with a vector v 6 il^ and via i?^ C = we can 
identify v with a vector v € C^. We then let 77(f) be the projection of v on 
F Z = C?/H Z . 

Proposition 12. The section rj of E is holomorphic and defines the diagonal 
in X x X. 

Proof. It is clear that r/(v) vanishes if and only if v belongs to the fiber 
above a point in the diagonal A C X x X. Hence, 77 is a global section 
of Hom(H^, F z ) = E and vanishes precisely on A. In the coordinates and 
frames described above, 77 has the form 

T) = C- Z. 

In fact, if v = Yli v j§j(.() -^C then 77(7;) is the image in F z of Y2i v j e j + 
E£i fc EjLi CijVje k+i . By (USD this is equal to Eili^ £jLi(Cy ~ Zij)vje k+i . 
We thus see that 77 is holomorphic and vanishes to the first order on A. □ 
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4.2. Bundles and weights. The bundle L = detH actually generates the 
Picard group of holomorphic line bundles; cf. Section 5.3, and [18J. We will 
construct weights for the line bundles U := L® r — » X, and for the vector 
bundle H — ► X. We start by defining two fundamental sections 70 and 71 of 
Hom(# c , H z ) and Hom(i? c , ff^^A^^ x X) respectively. For v <E H ( 
we first identify v with the vector v in the trivial bundle — > X z x A^- 
via i?£ C = C^. We then put 70(f) = tth z v. In the [)-frames described 
above, 70 is simply the k x /c-matrix 

(20) 7o = (/ + ^r 1 (/ + ^C). 

It is a little bit more complicated to describe 71: Let £ and v be (germs of) 
smooth sections of E and respectively. Since E = F z £(«) defines 
naturally a smooth section of F z and hence, c^(£(u)) is a smooth section of 
H~- C , We then put — 7i(£ <S> u) = ^(^(^(w))), which is a smooth 
section of H z <S>Tq ± (X x X). We check that 71 so defined actually is tensorial. 
Let / be (a germ of) a smooth function. We then get 

= -w»(^W)^/ + MW)) 

= ~kh z {<p(£(v))) ®8f + / 7 i(£ ® u). 

But vth z (^(£(v))) = since <p(£(v)) £ H^~, and so 7i(/£ (g) u) = /7i(£ ® u). 
(One could also note that ji(^<S>v) = —[iTH z ,d}(p(£,(v)), where [tth z ,9] is the 
commutator.) Hence, 71 defines a section of H Z ^>T^ X {X Z x X$) ®E* = 
Kom(H^, H z ) E* A Tq±{X x X). A computation in the local coordinates 
shows that 

k 

(21) 71 = J2 u*)®wo®Mij, 

M=l 

where M is the fc x fc-matrix of i?*-valued (0, l)-forms 

(22) M = d((I + z*z)- 1 z*) Ae*. 
Here, e* is the matrix with entries (e^)*. 

Proposition 13. The section G := 70 + 71 £ fc/. (fTiD ). is a weight for 
the tautological bundle H. 

Proof. We need to check that jo(z,z) = Id and that V V G = 0. The first 
equality is obvious from the definition. For the second one we have to verify 
the two equations ^70 = 5 v ji and d^i = 0. Let v be a germ of a holomorphic 
section of H c . Via H ( C ^ Cf we may view f as a holomorphic section 
of and then we can write 
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= -KH z [d(<p(r)(v)))) = -TT Hz (d(7T H xv)) 

= -KH Z (B(V - TT Hz v)) = 3 Hz i^H z v) 

= d Hz (jo(v)). 

Hence, <9ir z (7o(^)) = ^7i(v) for any germ of holomorphic section v of H^, 
It follows that <97o = 8 v 7i, Now, let £ be a germ of a holomorphic section of 
E. Then is a germ of a holomorphic section of F z . One can (locally) lift 
£(v) to a germ of a holomorphic section, of that projects to 

We then get 

= -d Hz ^H z B^ Hz m))=-dl^H z ^)) 
= 0. 

Hence, $i/ z 7i(£ <S> v) = for any holomorphic £ and v, and this finishes the 
proof. □ 

By the algebraic properties of weights established in Section [3] we now get 
that g := G A ■ ■ ■ A G (the exterior product of G with itself k times) is a 
weight for L. It is easy to check that 

M det(J + z*C) 
g 0,0=70A-..A70 = fe! det(/ + ^ ) 

in the frame [ for L. Weights for positive powers of L are then obtained 
by taking powers of g. By the results at the end of Section [3] we can also 
get weights for H* and L~ r = (L*)® r from G. If one wants to construct 
weights for H* geometrically, as we have done in this section, it is easier to 
take eg H* as the bundle E. However, our Koppelman formulas have an 
inherent duality and this gives us weighted formulas for forms with values in 
H* and L~ r from the weighted formulas for H and L r . 

5. Representation-theoretic interpretations 

In this section we describe X and its line bundles in terms of group actions 
and representations. The purpose of this is threefold. First of all, this point 
of view gives an easy description of the Picard group of X. Secondly, and 
more importantly, we prove that the weights we have constructed earlier will 
all be invariant under a certain group action; a property which will turn out 
be highly useful in the last section with applications to Bergman kernels. 
Finally, in this setup, we can fairly easily prove that the restriction of the 
bundle E to the diagonal is equivalent to the holomorphic cotangent bundle 
7 , n of X. 

5.1. The Grassmannian as a homogeneous space. The linear action of 
the group GL(N, C) on induces an action as holomorphic automorphisms 
of X, and this action is clearly transitive. Hence, we can describe X as a 
homogeneous space X = GL(N,C)/P, where 
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P :-- 



A B 
D 



det AdetD ^ 



is the stabilizer of pq. One can also restrict the action to the subgroup 
SL(N,C) and still have a transitive group action; this time exhibiting X as 
the homogeneous space SL(N, C)/P', where 



P 1 



A B 
D 



det A det D = 1 



is the stabilizer of po m SL(N,C). The reason that we mention this real- 
ization is that some of the results we refer to later hold only for quotients 
of semisimple Lie groups. A third realization is given by restricting the 
GL(N, C)-action to the unitary group U(N). The stabilizer of po in this 
subgroup is 



A G U(k), D € U(N — k)> = U(k) x U(N - k), 



A 
D 

and hence we have a third description of X as the quotient space U(N) / (U (k) x 
U(N-k)). 

5.2. The bundles H, F, and E. We recall that a vector bundle V — ► X is 
said to be homogeneous under a group G if G acts on it by bundle automor- 
phisms in such a way that the corresponding action on X is transitive. As 
a consequence, the stabilizer, G Po , of po in G acts linearly on the fiber V Po , 
i.e., V Po carries a representation, r, of G Po . The vector bundle V can then 
be reconstructed from the representation r as the set of equivalence classes 



Gx G P0 V P0 :=GxV P0 /~, 

where the equivalence relation ~ is defined as (g,v) ~ (g',v') if and only 
if (g',v') = (gx~ x ,t(x)v) for some x in G Po . The G-action is then given 

by [(</,«)] [(gg',v)], where the brackets denote the equivalence classes of 
the respective pairs. The holomorphic vector bundles are those associated 
with holomorphic representations, r, of G po , i.e., r : G po — > End(V Po ) is a 
holomorphic group homomorphism. 

Suppose now that H C G is a closed subgroup of G which also acts 
transitively on X. Then we can describe X as a quotient H/{H n G po ) and 
form the i/-homogeneous vector bundle V H := H XHnG P0 V Po . This latter 
bundle is in fact equivalent to the former one via the bundle mapping 

tfg : H x HnGpQ V po -> Gx Gpo V P0 , 
[(h,v)] H ' ^ [(/»,u)] G > 

where the brackets denote the respective equivalence classes. 

For our purposes, this means that we can choose to view GL(N, C)- 
homogeneous vector bundles as SL(N, C)-homogeneous ones without any 
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loss of information as long as the corresponding representations of P' are 
restrictions of P-representations. Moreover, since P is the complexification 
oiU{k) x U(N-k) (i.e., U(k) x U(N-k) is a totally real submanifold of P), 
a holomorphic representation of P is uniquely determined by its restriction 
to U(k) x U(N — k). Hence we can also view the vector bundle as only 
U (iV)-homogeneous. 

The group GL(N, C) acts naturally on the trivial bundle X x by 
(p, v) A (g{p),gv). The tautological bundle H is invariant under this action, 
and is therefore a GL(N, C)-homogeneous vector bundle. We let r : P — > 
End(C fc ) denote the corresponding representation of P on H po = C k , namely 



Since the subbundle H of C is GL(N, C)-invariant, there is a well-defined 
action on the quotient bundle F = C N /H; i.e., F is also a homogeneous 
bundle. We can identify the fiber F po with C^ - ^, and we let p denote the 
corresponding P-representation given by 



The bundle E — > X xX is homogeneous under the product group GL(N, C) x 
GL(N,C), and the representation of P x P on the fiber (F z <g) H£)( PlhPo ) = 
Hom(C fc , C N ~ k ) is the tensor product representation p(S>r* given by 



The trivial bundle C is equipped with the standard Euclidean metric 
which is J7(A r )-invariant; and the tautological bundle H inherits this metric, 
thus admitting an isometric action of U(N). Moreover, we recall that the 
quotient bundle F is smoothly equivalent to the orthogonal complement, 
H- 1 , to the tautological bundle. It should be pointed out that H 1 - is not 
a holomorphic vector bundle, whereas F is. Since the metric on F is in- 
duced from that on H- 1 , the L r (A r )-action on F is also isometric. Moreover, 
the bundle E is equipped with a tensor product metric, and therefore the 
Cartesian product U(N) x U(N) acts isometrically on E. 

The Chern connections and curvatures of the three bundles H, F, and E 
are invariant under the respective group actions since they are associated 
with invariant metrics. We recall that the invariance of a curvature, 0y, of a 
holomorphic homogeneous vector bundle V means the invariance as a section 
of the bundle End(V) (8) T*^ with respect to the natural action on sections 
of this bundle. Concretely, this means that 






Z G M N ^ k (C). 
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@v(gp){u,v)w = g<d v {p){dg~ l {gv)u,dg~ l (gp)v)g- l w, 
u G T (1,0), 9P ' v G T (*0,1),9P' w G V 9V 

In particular, it follows that the curvature is determined by its value at a 
fixed reference point. We shall return to the Chern curvature of E below, 
and give an explicit formula for it at the point po. First, however, we shall 
undertake a closer study of the restriction of E to the diagonal. 

The action of the group U(N) on X defines a fibration q : U(N) — > 
X given by q(g) = g(po) which is [/(iV)-equivariant with respect to left 
multiplication, L g : x i— > gx, on the group itself, and the action on X, 
i.e., q(gx) = g(q(x)) holds for g, x € U(N). Moreover, the right action 
Ri : x i— > xl~ l of the subgroup U(k) x U(N — k) on U(N) preserves each fiber 
q~ l (p) for p £ I, and yields a diffeomorphism U(k) x ?7(A^ — k) = q^ip). 
This equips U (N) with the structure of a principal U (k) x U(N — fc)-bundle 
over X. Since the right action of U(k) x U(N — k) commutes with left 
multiplication, the group U(N) acts equivariantly with respect to the action 
of U(k) x U(N - k). Moreover, the embedding of U(N) into M N (C) induces 
an Riemannian structure on U(N) by restriction of the trace inner product 
(A,B) i ^ ti(AB*), and the left multiplication is isometric with respect to 
this inner product. For any g £ U(N) with q(g) = p, we have an orthogonal 
decomposition 



(23) T g (U(N))=T g (q' 1 (p))(BT g (q- 1 (p)) ± , 

and this decomposition is invariant under left multiplication. The restriction 
of the differential of q to the orthogonal complement T g (q~ 1 (p)) ± yields an 
isomorphism 



dq{g)\ Tg{q -, (p)) i. : Tgiq-'ip)) 1 - - T q{g) {X). 

For any p £ X we thus have a family of subspaces parametrized by the set 
Q l ip) to which the tangent space at p is isomorphic. We therefore define 
an equivalence relation on the tangent bundle T(U(N)) by 



(24) (g,v)~(g',v') iff (</, v') = (R^g), dR^v), 

for some I € U (k) x C/(iV — k). By the isometry of the left multiplication, the 
orthogonal complement bundle U p T(q~ 1 (p)) ± is a U (iV)-homogeneous vector 
bundle. Moreover, for any vector in this subbundle, the whole equivalence 
class lies in the subbundle since also the right action is isometric. It follows 
that S := U p T(q^ 1 (p))- L / ~ is a well-defined C/(-/V)-homogeneous vector 
bundle over X. Clearly, S is equivalent to the tangent bundle T(X), and 
thus it inherits a complex structure. 

Proposition 14. The restriction of E to the diagonal A(X x X) is equivalent 
to the holomorphic cotangent bundle T* (X). 
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Proof. We prove that E* is equivalent to S. Since S is ?7(iV)-homogeneous, it 
is uniquely determined by the corresponding representation of U(k) x U (N — 
k) on the fiber S Po . For the identity element e G U(N), the tangent space 
T e (U(N)) is isomorphic to the Lie algebra 

u{N) := {X G M N (C)\X* = -X}, 
and the subspaces in the decomposition (|23j) are explicitly given by 



(25) T e (q-\p )) 

(26) r e (g- 1 ( Po )) ± 



y o 
z 

B 

-B* 



y* = -y,z* = -z 

B € M k>N -k(C) 



Forv=(° B * q ) GT e ( 9 - 1 (p )) ± ,andZ= ( ^ °) 6 Z7(fc) X C/(iV- 



dLi(e)v 



A \ / 5 
D y ^ — B* 

AB 
-DB* 



We can represent the equivalence class of this tangent vector by a tangent 
vector at the identity, namely by 



dRi^l)dLi(e)v 



AB \ ( A' 1 
-DB* ) \ I)" 1 



ABD^ 1 
-(ABD- 1 )* 

Hence, we can identify the representation of J7(A;) x U(N — k) on 5 po with 
the representation on Mfc^C) given by B h-> ABD^ 1 , i.e., with the repre- 
sentation r(g>p* on Hom(C Ar_fc , C fc ), which is precisely the U(k) x U{N — k) 
representation associated to the restriction of E* to the diagonal. □ 

Remark 15. In [3], Berndtsson proves that any appropriate bundle E — > 
X x X has to coincide with the holomorphic cotangent bundle on the di- 
agonal. In the case of CP n , an independent proof of Proposition [HI can be 
found in the book [7] by Demailly; Proposition 15.7 in Chapter V. 

By the identification T po (X) with the subspace T e (q~ l (po)) in (|26l) . we 
have an explicit realization of its complexification 

T P0 (Xf = { ( ° o) Be M k,N-k(C), C G M N . ktk (C)\ . 
Consider now the element I ^ fc . fc ] G T e (g -1 (p )) - u(fc) x 

\ -IjjlN-k J 

u(N — k). Its adjoint action determines the complex structure, J Po , at po by 
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J, 



( 








\ -B* 


o) 




[( 







—ijjlN-k 

iB 
-(iB)* 

The splitting of T*9 into the the ±i-eigenspaces is given by 



B 

-B* 



T m>P0 (X) - j(J I ) ) M,.y-,(C) 

T i0 ,i), P0 (X) = <! ( ^ n ) Z£M N _ ktk (C) 
We recall that the curvature at the point po is given by the formula 



(27) e B (po)(r, z)w = { P ® t*)'([y, z])(w), 

where (p <g> r*)' denotes the differentiated representation of the Lie algebra 
u(k) xu(JV-Jfe) given by (p®r*)'(X) := f t (p®T*)(exptX)\ t=0 . The explicit 



expression for ([27]) is 



(/9!8>T* 



(W) 



YZ 

o 

ZYW - WYZ, W G Mjv_/ Cj fc(C). 



5.3. Invariance of weights. In this section we study a natural action of 
U(N) on sections of the bundles Hom(L£,L'£) ® Gg, and prove that the 
corresponding weights are invariant under that action. 

Recall that for an action of a group, G, on a vector bundle V —* M, a 
natural action is induced on the space of sections by 



(28) WW:=J«(j _1 4 

where the second action on the right hand side refers to the action on the 
total space of the bundle. The bundles Hom(L£, L t z )iS)Ge are equipped with 
the natural U(N) x U(N) actions given as tensor (and exterior) products of 
the actions described in the previous section and their duals. In what follows, 
we will consider the action of U (N) (embedded as the diagonal subgroup of 
U(N) x U(N)) given by restriction. The actions on the respective total 
spaces are the obvious ones, and we will therefore use the simple notation 
from ([28]) for such an action. 

We let g r := g® r for r > and g r := (g*)® r for r < denote the weight 
for the line bundle L r . 

Proposition 16. The weight g r is a U (N) -invariant section of the vector 
bundle i7om(K, L r z ) ®Ge- 
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Proof. It clearly suffices to prove that the section G = 70 + 71 is an invariant 
section of Hom(-ff^, H^); and for this, we prove that 70 and 71 are invariant 
separately. We now fix an orthonormal basis, {hi, . . . , hk}, for H z . For any 
u G and I G U(N), we have 



(/ 7o )(u) = /7o(r 1 n) = i^i-Vr 1 ^-^ 



i=l 

k 



y~](u,hi)hi 



i=i 
= 7o («), 

which shows the invariance of 70. We now consider 71, and therefore choose 
a local section f of F near the point z G X. Then, we have 



G7i)(/®«) = -i(TH l _ 1 ,(^(r 1 /))®r 1 ti) 

= -ir Hz (dip(f)®u) 
= Ji(f®u), 

where the third equality is completely analogous to the invariance of 70. This 
concludes the proof. □ 

We now turn our attention to the form P g r defined in (|T21) again. 

Corollary 17. The form P g r is U(N) -invariant. 

Proof. First of all, an argument similar to the proof of Proposition [TBI shows 
that the section r\ is U(N) -invariant. Secondly, the Chern connection De on 
E commutes with the f/(iV)-action, and hence Drj is also J7(iV)-invariant. 
The curvature is even U(N) x [/(AO-invariant; an d hence it follows that 
the form gA ( ^ + |c ) is ?7(iV)-invariant. We now claim that the operator 
is £/(iV)-equivariant. Indeed, the identity section I G End(-B) is obviously 
[/(iV)-invariant, and so is therefore also the section I n defined in connection 
with Definition [2j Hence, f E is an equivariant operator, and this also finishes 
the proof. □ 

The canonical splitting T*(X x X) =i T*(X) © T£(X) of the cotangent 
bundle of X ®X is U(N) x [/(iV)-mvariant, and hence (P g r) can be decom- 
posed as 



(29) (Pgr) - ^ ( P g r )p',p",q',q"i 

q'-\-q"=n 

where (P g r)p> >p » , q > , q » is a section of Hom(# c , H z ) ® A p '-«'(Tf )* A K p "< q "(Tf)*, 
i.e., it is of bidegree (p',q') in the z-variable, and of bidegree (p",q") in the 
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£- variable according to the splitting. By the invariance of the splitting, we 
also have 

Corollary 18. The terms (Pg r )p',p",q',q" in the decomposition (|29l) are U(N)- 
invariant. 

Only the term (P g *-) ni o,n,o which has bidegree (n,n) in the z- variable will 
contribute to the integral in the Koppelman formula. Later we will examine 
this term more closely. 

Corollary 19. The current K g r in (I12p is U{N) -invariant. 

Proof. It clearly suffices to prove that u in (jTj) is t/(-/V)-invariant; and since 
the group action commutes with the 9-operator and exterior powers, it only 
remains to prove the invariance of a. Note that a can be described by the 
equation 



The invariance of a now follows immediately from the invariance of r\ and 
from the fact that the action of U(N) preserves the metric. □ 

5.4. Line bundles on X. In this subsection we recapitulate how the Picard 
group of X can be described in terms of holomorphic characters. All of this 
is classical theory and well-known, even though the results in their explicit 
form can be hard to find in the literature. The reason for including it in 
the paper is rather to give an overview for readers who are not familiar with 
representation theory of Lie groups. 

Suppose now that C — > X is a SL(N, C)-homogenous holomorphic line 
bundle. The corresponding P'-representation then amounts to a holomor- 
phic character xc '■ P' - » C*. Moreover, it is well-known that all holomorphic 
line bundles over X are in fact SL(N, C) -homogeneous (cf. [IB]), and hence 
the Picard group H l (X, O*) is isomorphic to the multiplicative group of 
holomorphic characters of P'. 

Suppose now first that x'- P ~~ * C* is a holomorphic character. (This is 
no restriction, as we shall later see that all holomorphic characters of P' are 
restrictions of P-characters.) It is well-known that it is then uniquely deter- 
mined by its restriction to the Levi-subgroup GL(k) x GL(N — k) realized 
as 



By restricting to the respective factors, we can uniquely express xasa prod- 
uct x = X1X2, where xi an d X2 are characters of GL(k, C) and GL(N — k, C) 
respectively. Let \\ '■ 0t(&>C) — » C denote the differential at the identity of 
Xi- Then x'i annihilates the commutator ideal in the decomposition 




gt(k,C) = 3(0l(*,C)) 6 [gl(k,C),gl(k,C)] 



KOPPELMAN FORMULAS ON GRASSMANNIANS 



23 



of Ql(k, C) as the direct sum of the center and the commutator. More specif- 
ically, we have the identity 



[0[(fc,C), fl [(fc,C)] =*!(*, C), 

from which it follows that the normal subgroup SL(k,C) lies in the kernel 
of the character xi- Hence, \i descends to a character, \i, of the quotient 
group GL(k,C)/SL(k,C), yielding the commuting diagram 



GL(k,C) 



GL(k,C)/SL(k, 




Moreover, the quotient group is isomorphic to C* via the mapping gSL(k, C) 
detg, and hence we have the diagram 



GL(k,C) — ^C* 



GL{k,C)/SL{k,CY — ^C*, 

which allows us to identify xi with a holomorphic character C* — > C*. The 
latter ones are easily described. Indeed, by holomorphy, any such character is 
uniquely determined by its restriction to the totally real subgroup 
on which it gives a character S 1 — > S 1 . Hence, it is of the form ( i— > ( m , for 
some integer m. The analogous result holds of course for X2- Summing up, 
we have thus found that 



^ = det A m det £> n , 

for some m, n € Z. 

The line bundle corresponding to the choice m = l,n = is the deter- 
minant of the tautological vector bundle. To study the line bundle corre- 
sponding to the parameters m = 0,n = 1, we consider it as a SL(N,C)- 
homogeneous line bundle, which amounts to restricting the corresponding 
character to the subgroup P' of P. We let x' denote the differential at the 
identity of this character. The Lie algebra p' admits a decomposition 

P / = 3(P / )e[p',p / ] 

as the direct sum of its center and its commutator ideal. These two ideals 
are given by 
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3(t0 



c(7V - jfe)J fc 

-ckI N ^ k 

A B 



c e 



£> 



trA = trD = 



On the group level, we have the commutator subgroup 



[P',P'\ 



A B 
D 



det A = det D = 1 



and the quotient group P'/[P',P'] has complex dimension one. In fact, an 
isomorphism <I> : P' /[P' , P'] — > C* is given by 



$( 5 [P',P']) = detA, 



for g 



4 B 
D 



If fj, : P' — > C* is a holomorphic character, it factors through the projection 
onto the quotient group just as above, yielding a holomorphic character jl : 
P'/[P', P'] — > C*. Using the isomorphism $ above, we obtain the commuting 
diagram 




P'/[P',P'] 



From this, we conclude that /i 



det A J , for some j £ Z. In par- 



ical vector bundle corresponds to the P'-character 
detD, which can be extended to the P-character 



det^" 
detD. It 



A B 
D 

ticular, it follows that fi can naturally be extended to a holomorphic charac- 
ter P — > C*. Moreover, the dual bundle to the determinant of the tautolog 

A B \ Hpt 4-1 
D 

A B 

D 

is easy to see that the GL(N, (C)-homogeneous line bundle associated with 
this holomorphic character is isomorphic to the determinant of the quotient 
bundle F = C N /H. 

5.5. The Bott-Borel-Weil theorem. In this subsection we briefly de- 
scribe some group representations associated with homogeneous vector bun- 
dles. 

Suppose now that G is a complex Lie group acting transitively and holo- 
morphically on a complex manifold M, so that we can write M = G/T for 
some closed subgroup T C G. Let V — » M be a G-homogeneous holomor- 
phic vector bundle. Recall that the action of G on V induces the action on 
smooth sections given by (i28j) . Since G acts holomorphically on M, there is 
a natural action on V- valued (p, g)-forms (by taking the pullback composed 
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with inversion). Moreover, the action commutes with the 3-operator on V, 
from which it follows that the action preserves closed forms and exact form; 
thus inducing an action on the Dolbeault cohomology groups H p ' q (M,V). 
In the case when G is a complexification of some semisimple compact Lie 
group, Gr, the Bott-Borel-Weil theorem (cf. [2], Theorem. 5.0.1) gives a 
realization of all irreducible representations of Gr as H 0,q (M, C) for some 
homogeneous line bundle, £, over M, and also states the vanishing of the 
other sheaf cohomology groups associated with C. We shall see examples of 
it in the context of the vanishing theorems of the next section. 

6. Applications 

6.1. Vanishing theorems. We would like to find vanishing theorems for 
the bundles U and L~ r over X by means of the Koppelman formula. This 
will yield explicit solutions to the <9-equation in the cohomology groups which 
are trivial. 

Let D in Theorem Q] be the whole of X, and let </>(£) be a 3-closed form 
of bidegree (p,q) taking values in L£, with r > 0. The only obstruction to 
solving the 9-equation is then the term J", <^(£) A P g r((, z). We have 




n-j 



where (g r )j,j is the term in g r which has bidegree (0,j) and takes values in 
A^E*. Note that all the differentials in g are in the z variable; this is because 
commutes with tth z ■ 

Theorem 20. The cohomology groups H p,q (X, If) are trivial in the follow- 
ing cases: 



a) 


p ^ q and r = 0. 


b) 


p > q and r > 0. 


c) 


p < q, rk < q — p, and r > 0. 


d) 


p < q and r < 0. 


e) 


p > q, rk < p — q, and r < 0. 


Proof. 


a) If r = we do not need a weight, and in that case 



or the n:th Chern form of E. It is obvious that P consists of terms with 
bidegree (k, k) in z and (n — k,n — k) in £, and thus J^AP = 0if^ has 
bidegree (p, q) with p ^ q. 

b) Since the only source of antiholomorphic differentials in ( is 0^, which 
is a (l,l)-form, we can never get more dQ:s than dQ:s. This means that 
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0(C) A P g r = if 4> has bidegree (p, q) where p > q (since then P g r would 
need to have bidegree (n — p,n — q) in Q with n — q > n — p). 

c) If c/>(C) has bidegree (p,q), then P g r needs to have bidegree (p, q) in z. 
We can take at most p of the Q z :s. We will then need at least q — p more 
dzi:s, and these have to come from the factor g r . But g r has maximal bide- 
gree (0, rk), so if rk < q — p the obstruction will vanish. 

d) By duality, if we have a (p, g)-form (ft taking values in U with r < 0, 
the obstruction is given by f z (ft{z) A P g -r((, z). This is zero unless there is 
a term in P g - r of bidegree (p, q) in (. By the same argument as in the proof 
of b), the obstruction vanishes if q > p. 

e) If (ft(z) has bidegree (p, q), then P g - r needs to have bidegree (n — p,n — q) 
in z, where n — q > n — p. The rest follows as in the proof of c). □ 

Remark 21. In CP n , we can get rid of the obstruction in more cases, either 
by proving that P g r is 9^-exact (since then Stokes' theorem can be applied), 
or by proving that it is 9 2 -exact (since then <ft A P g r will be <9 2 -exact as 
well). See [8] for details. 

Part d) of the above theorem is the special case of the Bott-Borel-Weil 
theorem for the parabolic quotient GL(N,C)/P. For r = —1, all vanishing 
theorems were proved by le Potier in [13] . He also proved vanishing theorems 
for exterior and symmetric powers of the tautological bundle and its dual. 
In [T7], Snow gives an algorithm for computing all Dolbeault cohomology 
groups for all line bundles over Grassmannians. Implementing the algorithm 
in a computer, Snow obtains various vanishing theorems including ours. It is 
worth noting that both le Potier and Snow obtain their results by reduction 
to the Bott-Borel-Weil theorem. 

6.2. Bergman kernels. We will see that the projection part, P 9 r, of our 
Koppelman formula for U basically is the Bergman kernel associated with 
the space of holomorphic sections of L~ r . We begin by examining P g r . Recall 
that 

f = ((70 + 7i)T r = ( E (%o' J A l{f r =: (7o fc r + f , 

i=o VJ/ 

where 7q of course is the fcth exterior power of 70, is our weight for U . The 
projection kernel in our Koppelman formula for L r is thus 

\ / n 

- <W £ (S + t)/// A (^ + ! !r) n 
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Let V g r and P gT be the parts of P g r and P gr respectivly, which have bidegree 
(n, n) in the z- variables. Let us examine P g r and Pgr more closely on the set 
% '■= {Po} x In our local coordinates and frames over U z x we have 
by J20|) that 70 = (I + + 2*0. On Z intersected with {p } X U c , 

denoted Z' below, we thus have 70 = I expressed in our frames. According 
to ([2T1) and ([221) . we see that, as a matrix in our frames for H z and H^, 
71 = dz* A e* on Z' . Moreover, a straightforward computation shows that 
the part of Dr], which does not contain any differentials in the ^-variables, 
equals — Ylij dzij A Hj on ■ Also, the part of ©e, which does not contain 

any differentials in the variables, is @f z $5 Idm- We thus see that the 
building blocks for P g r and Pgr are independent of ( on Z' when expressed 
in our frames. Since both P g r and P gr take values in a line bundle we must 
have P g r = CPgr on Z' . But Z' is dense in Z and so this equality holds 
on Z by continuity. Now, by Corollary [TH] in Subsection 15.31 it follows that 
both Pgr and Pgr are invariant under the diagonal group in U (A) x U(N) 
and since Z intersects each orbit under this group we can conclude that 
p^ = CP° gr on all of A x A. 

Given any holomorphic section / of L~ r \ r > 0, and any vector v p in the 
fiber of U above an arbitrary point p, our Koppelman formula now gives 

(31) f(p).v p = I Pgr(z,p)Av p /\f(z)=c[ P° gr (z,p)Av p Af(z). 

J X z J X z 

It is easy to compute Vgr explicitly, and one gets 

Moreover, @f z is the [/(A)-invariant curvature of F z , so it follows that 
CN-k(@F z ) k is a [/(A)-invariant (n,n)-form and hence equal to a constant 
times the invariant volume form dV. We have thus obtained 

(32) f(p).v P = C I f(z).(^f r v p dV(z) 

Jx z 

for any holomorphic section / of L~ r . Modulo a multiplicative constant, 
one also has that dV = (ci(L)) n , and then the above formula assumes the 
following form expressed in the frames and coordinates discussed above. 

«0 = o/ c< /W^±^((«Sicd-(/ + i',)))". 

We will now describe what will be the Bergman kernel. Let p r ' : L r z — > L~ r 
be the antilinear identification induced by the metric, i.e., p r (v) = (•, 
and define K r (z, Q : —> L~ r by K r (z, () = p r o (7o)® r . Then one easily 
checks that K r (z,() is a fiberwise antilinear map, which depends antiholo- 
morphically on (. To show that it actually depends holomorphically on 
z we consider the adjoint operator K r (z, £)*: — > L7 r and the operator 
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K r ((,z): U z — > i^ r - We know that the latter operator depends antiholo- 
morphically on z. Note also that since K r (z,Q is fiberwise antilinear, the 
adjoint should be defined by (K r (z,()*u).v = u.{K r {z, ()v) for u £ L r z and 
v G L£. It is then straightforward to check that K r (z,()* = K r {Q,z), and 
so K r (z,Q* must depend antiholomorphically on z. It follows that K r (z, C) 
depends holomorphically on 2. In particular, for any non-zero vector v G L£, 
the mapping z i— > K r (z,p)v defines a global non-zero holomorphic section of 
L~ r . In fact, these sections generate H°(X, L~ r ) as we now show. Consider 
the Bergman space A% defined as H°(X, L~ r ) equipped with the norm 



2 2 ._ 



/ ||/||i- P dV, feH°(x,L- 
Jx 



We claim that, modulo a multiplicative constant, K r (z, () is the Bergman 
kernel for A%, i.e., that K r (z,() is the fiberwise antilinear map L£ — ► £^ r , 
which depends holomorphically on z and antiholomorphically on ^, and has 
the property that for any / 6 A% and any vector v G L£ (in the fiber above 
£) one has 

/(C).« = (/,lfr(-,C)«>A?= / (f(z),K r (z,Qv) L -rdV(z). 

It only remains to verify this last property. But this reproducing property 
follows directly from (|32|) after noting the following equality, which basically 
is the definition of K r (z, (): 



u.((7o) (glr u) = (u,K r (z,Qv) L -r, for all u£ L z r , and all v G L^. 

Remark 22. In the case of CP n it is not too hard to compute V g r directly 
from its definition. For instance, one can first verify in local or homogeneous 
coordinates that the part of 71 A Dr/ which contains no dC, or d( is equal to 
—70 ® @f z ® Id (]j , cf. Proposition 4.1 and the weight a in [8]. Then, a 
straightforward computation shows that V g r is equal to 

'" + ')(£)*■* «d* ( e,.). 
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